LINEAR DYNAMICS IN REPRODUCING KERNEL HILBERT SPACES
ANEESH MUNDAYADAN AND JAYDEB SARKAR

ABSTRACT. Complementing the earlier results on dynamics of unilateral weighted shifts,
we obtain a sufficient (but not necessary, with supporting examples) condition for hy-
percyclicity, mixing and chaos for M}, the adjoint of M,, on vector-valued analytic
reproducing kernel Hilbert spaces H in terms of the derivatives of kernel functions on
the open unit disc D in C. Here M, denotes the multiplication operator by the coordinate
function z, that is
(M f)(w) = wf(w),

for all f € H and w € D. We study the special case of quasi-scalar reproducing kernel
Hilbert spaces and analyze hypercyclicity for sum of reproducing kernels in the sense of
Aronsjazn. We also present a complete characterization of hypercyclcity of M} on some
special classes of vector-valued analytic reproducing kernel Hilbert spaces.

1. INTRODUCTION

Motivated by challenges in dynamics of bounded linear operators on Banach spaces, in
this paper, we initiate the study of dynamics of adjoints of the multiplication operators
on analytic reproducing kernel Hilbert spaces. Here we bring together two sets of ideas -
the Hypercyclicity Criterion and analytic reproducing kernels on the open unit disc D in
C.

More specifically, motivated by Salas’ work [25] on characterization of hypercyclicity of
backward weighted shift operators on [P spaces, 1 < p < 0o, we propose a general question
on hypercyclicity of the adjoints of the multiplication operators on analytic reproducing
kernel Hilbert spaces. In Theorems 4.1 and 4.2, we present sufficient conditions for testing
hypercyclicity, topological mixing and chaoticity of adjoints of the multiplication operators
on reproducing kernel Hilbert spaces in terms of derivatives of analytic kernel functions.

In the special case of scalar-valued analytic kernel functions, our main theorem on
hypercyclicity states that (see Theorem 5.1): Let & : D x D — C be an analytic kernel
function and let H(k) denote the reproducing kernel Hilbert space corresponding to k
(see Section 3 for definitions). Suppose that the multiplication operator M, on H(k) is
bounded. Then M} on H(k) is hypercyclic if

L 1 0™k
llﬂlnlnf (WW(O, O)) =0.

This result unifies previous work on the sufficient condition for hypercyclicity of weighted
shift operators (see Gethner and Shapiro [16], Kitai [20], Rolewicz [24], and Salas [25]).
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The sufficient condition for hypercyclicity in Theorem 4.1 is not necessary, in general
(see the example in Subsection 5.3).

For the context of hypercyclicity of translation operators on reproducing kernel Hilbert
spaces of entire functions, we refer the reader to Baranov [2], Chan and Shapiro [11],
Garcia, Hernandez-Medina and Portal [15] and Godefroy and Shapiro [17]. Also see
Bonet [8].

After a preliminary section devoted to fixing the notations and recalling the basic facts
about dynamics of bounded linear operators, in Section 3, we describe the necessary
background of reproducing kernel Hilbert spaces. Some of our results are less standard.
Moreover, it is worth pointing out that the “backward shift” behavior of the adjoints of
multiplication operators on analytic reproducing kernel Hilbert spaces in Theorem 3.3 is
of independent interest.

Section 4 contains the main results on dynamics of M} on analytic reproducing kernel
Hilbert spaces. In Section 5, we provide an explicit example of an analytic reproducing
kernel space on which M} is hypercyclic but does not satisfy the sufficient condition for
hypercyclicity in Theorem 4.1. We also relate the dynamics of M} on sum of analytic
reproducing kernel Hilbert spaces. The final section deals with the converse of Theorem
4.1 under different assumptions on analytic kernel functions.

2. PRELIMINARIES

In this section we fix some notation and recall definitions and facts on dynamics of
bounded linear operators. For more details concerning linear dynamics, we refer the
reader to the monographs by F. Bayart and E. Matheron [4] and K.G. Grosse-Erdmann
and A. Peris [19].

Let X be a Banach space and let B(X) be the set of all bounded linear operators on
X. Let T be a bounded linear operator on X. We say that T is:

(i) hypercyclic if there exists x € X such that

{2, Tz, T*r,...}

is dense in X,

(i) chaotic if T is hypercyclic and it has dense set of periodic points (a vector y in X is
called periodic for T if there exists k € N such that T"y = y), and

(iii) topologically transitive, if

g, mo),

is dense in X for every non-empty open set U in X.

From the point of view of hypercyclic operators, in this paper, Banach spaces are always
assumed to be separable.

A well known theorem of Birkhoff, known as Birkhoff’s transitivity theorem, states that
(cf. [4]): T in B(X) is hypercyclic if and only if T" is topologically transitive.

Another important notion in dynamical systems is the topological mixing: 7" in B(X)
is said to be topologically mizing if, given any two non-empty open subsets U and V of
X, there exists N in N such that

T7U)NV # 0,
for all j > N.
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The classical examples of hypercyclic operators are translation operators [7], differential
operators [22] and commutators of translation operators [17]. The first example of a
hypercyclic backward weighted shift was produced by Rolewicz [24]: for each 1 < p < o0
and || > 1, the backward weighted shift aB is hypercyclic on [P, where B on [? is the
unweighted backward shift:

B({CQ, C1,Co, .. }) = {Cl, Co,C3 .. .},

for all {co, c1,c2...} € [P (see also Kitai [20] and Gethner and Shapiro [16]). Salas [25] pro-
vides further improvement by characterizing hypercyclicity of backward weighted shifts:
Let A = {\,}n>1 be a bounded sequence of positive real numbers. Then the backward
weighted shift By on I”, 1 < p < oo, defined by

Bx({co, c15¢a, - - }) = {Mier, Aaca, Ases, - b,
for all {cg, c1,co,...} € [P, is hypercyclic if and only if
limsup{AiAs -\, } = oc.
For our purposes, we interpret the p = 2 case from function Hilbert space [26] point of

view: Given a sequence of positive real numbers 8 = {3, },>0, we denote H?(3) for the
Hilbert space of all formal power series

f(Z) = Z an2n7
n>0
such that

|an|2
2 2(5) = < Q.

2
n>0 ﬁn

Clearly, the set of functions {3,2"} forms an orthonormal basis in H?(3). If, in addition,
we assume that
im sup

n Bn
then H?(8) C O(D) (cf. Shields [26]), the space of all analytic functions on D. It also
follows that the multiplication operator M, on H?(/3) defined by

(M. f)(w) = wf(w),
for all f € H?(8) and w € D, is bounded if and only if

sup B
n 5n+1

In this case, Salas’ classification result can be interpreted as follows: M} is hypercyclic
on H?(B) if and only if

=1,

< oQ.

liminf 8, = 0.
Moreover, the Costakis-Sambarino theorem [14] states that: M} is mixing if and only if
lim 3, = 0.

The well-known and useful sufficient conditions for hypercyclicity of operators on Ba-
nach spaces state that (see Kitai [20], Gethner and Shapiro [16], Godefroy and Shapiro
[17], and Bes and Peris [6]): Let X be a Banach space, D be a dense set in X, and let
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T € B(X). If there exist a strictly increasing sequence {n,} C N and a map S: D — D
such that

(i) T S™ — Ip,

(ii) 7™ — 0, and

(iii) S™ — 0,
pointwise on € D, then T is hypercyclic. Moreover, if

’I’Lk:k‘,

for all £ € N, then T is topologically mixing.

The topological mixing part in the above result is due to Chen and Shaw (see (i) < (i),
Theorem 2.7, [12]).

For our purposes it is convenient to use the following version of the Hypercyclicity
Criterion (cf. Definition 1.1 in [5] and also see [6]):

Theorem 2.1. (The Hypercyclicity Criterion) Let X be a Banach space, D be a dense set
in X, and let T € B(X). Suppose that {n;} C N is a strictly increasing sequence. If

(i) T™ — 0 pointwise on D, and

(i) for each f € D there exists a sequence { fy}r>1 € X such that

fk —0 and Tnkfk — f,
then T is hypercyclic. Moreover, if

nk:k,

for all k € N, then T is topologically mizing.

We now proceed to a chaoticity criterion (see Bonilla and Grosse-Erdmann [10], page
386): Let T be an operator on a Banach space X, D be dense in X and S : D — D be
map. If

(i) >,z and ), -, S™x are unconditionally convergent, and

(ii) TSz = =, -
for all x € D, then T is chaotic on X.

The above conditions are also sufficient for another important notion in linear dynamics,
called frequent hypercyclicity, initiated by F. Bayart and S. Grivaux [3]. We refer the
reader to [4] and [10] for an introductory discussion of the topic.

Recall that a series ) u, in a Banach space X is said to be unconditionally convergent
if ), Us@n) is convergent for all permutations o on N. It is well known that the uncondi-
tional convergence of > wu, is equivalent to the following: for e > 0, there exists N € N

such that
| >

nelr

for all finite subsets F' of {N, N +1,N +2,---} (see, for instance [4], page 138).

The following version of Chaoticity Criterion will be useful in what follows. This
is probably known to experts, though we cannot find an exact reference (however, see
Remark 9.10 in [19] and page 386 in [10]).

<,

Theorem 2.2. (Chaoticity Criterion) Let X be a Banach space, T € B(X) and D be a
dense set. Then T is chaotic if for each x € D, there exists a sequence {uy}r>o in X with
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ug = x such that

Z T"x and Z Up,

n>0 n>0
are unconditionally convergent, and
T"up = Ug—p,
for all k > n.
Proof. Observe that if x € D, then
T"'z — 0 and f, :==u, — 0,

as n — 00. Moreover,

T"f, =T "ty = Up_p = Uy = T,
for all n > 0, and hence, in particular

" f, — x,

as n — oo. This shows that T satisfies the Hypercyclicity Criterion with respect to the
same dense set D and the sequence ny = k for all k£ € N, and hence T is hypercyclic. It
remains to show that 7" has a dense set of periodic points in X. Define

for all p > 1. By the unconditional convergence of the given series we have that z, — z,
as p — 0o. On the other hand

TPz, = (Z T(n+1)punp) + TPy + (Z TPtyp)

n>1 n>1
together with the properties of {u,} gives
Tp(xp> = Tp,

that is, x,, is a periodic point for T". The result now follows from the fact that D is dense
in X and {x,} approximates the element x in D. O

For our purposes (cf. Theorem 4.2) it is also relevant to recall the complete character-
ization of chaoticity for backward weighted shifts By on [P spaces (see Grosse-Erdmann
[18]): B, on [P is chaotic if and only if

D> (Mdar - A) P < o,

n

The case p = 2 yields that M* on H?(f) is chaotic if and only if

Zﬁi<oo.
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3. REPRODUCING KERNEL HILBERT SPACES AND DERIVATIVES

We first recall the basics and constructions of reproducing kernel Hilbert spaces [1].
Let € be a Hilbert space. An operator-valued function K : D x D — B(E) is called an
analytic kernel (cf. [21]) if K is analytic in the first variable and

n

Z<K(zivzj)77j,77i>g >0,

ij=1
for all {2}, €D and {n;}?; C £ and n € N. In this case there exists a Hilbert space
He(K) of E-valued analytic functions on D such that

{K(,wn:weD,necf},

is a total set in He(K). Here for w € D and n € &, the symbol K (-, w)n represents the
function

(K(7 w)n)(z) = K(’Zu w)nu
for all z € D. It is easy to verify that
<f7 K<7 w)77>Hg(K) = <f<w)7 77>57
for all f € He(K), w € D and n € € (cf. [21]). In other words

<6U11)f7 77)5 = <f7K<7w)n>'Hg(K)u (31>
where ev,, : He(K) — & is the (bounded) evaluation map defined by

evwf - f(w)a

for all w € D and f € He(K). We call the Hilbert space He(K) the analytic reproducing
kernel Hilbert space corresponding to the kernel K.
It also follows from (3.1) that the functions

w — evy, € B(He(K),E) and w— K(z,w) € B(E),

are analytic and co-analytic on D, respectively, and

K(z,w)" = K(w, 2),
and

ev, o ev, = K(z,w),
for all z,w € . Furthermore, note that

||K('aw)77||3¢g(f<) = (K (-, w)n, K (-, w)n) e x)
= (K (w, w)n, n)e,
that is
1 (- w)l e ey = (1 (w, w) e, (3.2)

for allw e D and n € €.

Now let He(K) be an analytic reproducing kernel Hilbert space. If zp € D and f €
Hg(K), then

€Vzo+h — €Uz \ , f(zo+h) — f(20)
() =
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as h — 0. This along with the closed graph theorem implies that 2= cHe(K) — &

2=z0
is a bounded linear operator for each z; € D and

Oev,

gt
(=),
for all f € He(K) and zo € D. This also yields that the n-th derivative %= (n € Z,)
exists and the bounded linear operator 8;;22 : He(K) — & satisfies
2=z
J"ev
z — f(n)
O2n Z:Z()(f) f (Zo),

for all f € He(K) and zp € D. On the other hand, using the identity
evyn = K(-, \)n,
for all A € D and n € &€, we find, for each wy € D, that
<ev;0+h - ev:;O)n _ K(-,wy+ h)n— K(-,wo)n

h h
0K
% _ .
(5w,
as h — 0, and hence, again by the closed graph theorem, it follows that % &=
w=wo

He(K) is a bounded linear operator and

Oev, 0K
Ow wewn 77) - (%(7100))777
for all wy € D and n € £. Hence, 8;;’: : & = He(K), n € Zy, is a bounded linear
operator, and Y
0"ev;, K
5 ™ = (i (10
Moreover, we have
OK(-, w) o @non(n) — e ()
Ow ‘w:wg (n) = fimy 3
B (@evz )*
B 32 Z=wq 777
and similarly,
anK(vw) anevz *
— = 3.3
aw" ’w:wo(n) ( 8z" :wo) (T})’ ( )

for all n € £ and n € Z,. Furthermore, for all f € He(K), n € Z,, wo € D and n € &, it
follows that

s (G )] Yo = g (4 K s}
"
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that is o
(n) _ "evy,
(£ (), e = (f, S
In particular, if n € Z, and n € &, then (3.3) implies that the function
O"K
— ,0) ,
® (awn (2,0))n

is in He(K). Therefore, we have proved the following:

77>H5(K)'

=wo

Theorem 3.1. Let He(K) be an analytic reproducing kernel Hilbert space. Let
an

Kn(z) = oa"

S (2,0),

and suppose that
Kn,n(z) = Kn(z)ﬁ,
forallzeD, ne & andn € Z,.. Then K,(z) € B(E) forall z €D, K, ,, € He(K) and
(F0)me = (f Knade (50,
forall f € He(K), n€ & andn € Z,..

The following formulae for the inner product and norm are now immediate:

Corollary 3.2. In the setting of Theorem 3.1, we have

oMK
(Komcs Konm) me (1) = ( <W(O’ 0)) ¢ n)e,

for allm,n € Zy and n,¢ € €. In particular, we have

K
2 _
1Kl = (5527 (0.0) ) memhe.
Proof. By using the identity in Theorem 3.1 with f = K, ¢, the result follows. 0J

For example, in the particular case of scalar-valued kernel K, we have
K(z,w) = Z 20",
m,n>0

for some (not necessarily bounded) infinite matrix (a@,,,). Then the inner product and
norm expressions in Corollary 3.2 are given by n!ml!a,,, and n!\/a,,, respectively.
Theorem 3.1 and Corollary 3.2 should be compared with Lemmas 4.1 and 4.3 in [13]
on generalized Bergman kernels.
Now let M, denote the multiplication operator on He(K), that is

(M=f)(w) = wf(w),
for all f € He(K) and w € D. If M, is bounded, w € D, n € £ and f € He(K), then
(MZ(K (- w)n), ey = ECw)n, 2 e
= (n,wf(w))e
= (wn, f(w))e
= (WK (-, w)n, e x),
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that is
M (K(-,w)n) = wK (-, w)n. (3.4)
In particular
MZ(K(-,0)n) =0, (3.5)
for all n € £. Now using

oo 1 »
K('J w)77 = Z EK”WU) ;
n=0

it follows from (3.4) that
* - 1 -n — - 1 -n
M (Z EKnmw ) =w Z mKnmw :
n=0 n=0

for all w € D and n € £. Equating the coefficients of the same powers of w on either side,
we immediately get the following “backward shift” property of M}:

Theorem 3.3. Let He(K) be an analytic reproducing kernel Hilbert space. If the multi-
plication operator M, is bounded on He(K), then
LK1, ifn>1

M*(iKn ) — (n—1)
il 0 ifn =0,

forallnef.

4. DyNAMICS OF M}

In this section we present the main results on dynamics of M} on Hg(K). Our first
result concerns hypercyclicity and topological mixing. The second result is about the
chaoticity of M.

Theorem 4.1. Let £ be a Hilbert space, & a dense subset of € and let He(K) be an
analytic reproducing kernel Hilbert space. If M, is bounded on He(K), then the following
hold:

(1) If

o 1, 0K
lim inf ((n!)2 < (aznawn (©, 0)>”’ ">6) =0

uniformly in n € &, then M} is hypercyclic.

(2) If ,
: 1 0"K
hran ((n!)2 < <8z”8u‘1” (0 0))”7 77>5) =0,
for all m € &, then M is topologically mizing.

Proof. We apply Theorem 2.1, the Hypercyclicity Criterion, to M. For each n € & and
m € Z, define K,,,, € He(K) (see Theorem 3.1) by
1 (O"K
(270)>7r

Bone) = 1 (G

Then the set D is dense in He(K), where
D = span{K,,,: m € Z,,n € &}.
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Indeed, if g € He(K) is orthogonal to D, then
<g7 Km,n) = Oa
and so, by Theorem 3.1, we have
(g™ (0),me =0,
for all m € Z, and n € &. Since & is dense in &, it follows that
g™ (0) =0,

for all m € Z, and hence
g=0.

Now note that {Kmn :m € Zy,m € &} is a generating set for D. If ( € £, s > t and
s,t € Z, then by (3.5) and Theorem 3.3, it follows that

MK, =0, (4.1)
Let

p
f=> ajK,, €D,
j=1

for some positive integer p, o; € C, m; € Z; and n; € &, 1 < j < p. Then (4.1) implies,
in particular, that
M"f =0,

as n — oo. This proves the first condition of the criterion.
To prove the second condition of the criterion, first we define a sequence {g,} C D by

p
gn ‘= § aijjJrTL,T]j7
Jj=1

for all n € N. By Theorem 3.3, it follows that
M;n(ij+n,nj) - f(ma‘ﬂ?ﬁ
for j=1,...,p, and hence
M™g, = f, (4.2)
for n € N. Since
1B 3210y =

for all m > 0, by Corollary 3.2, and

O*"K
hmmf( 2<< EyEpws ~(0 0))77,77>5) =0,

uniformly in n € & by assumption, it follows that there exists a sequence of natural
numbers {t;} such that

2<< PmK

0zmow m

(0 0))77,77)5,

Ky — 0,
in He(K), for all n € &. This implies that

Mz*j(f(tkﬂ?) - 07
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as k — oo and for all 7 > 0. Now observe that
Ktk—jﬂ? = M;j(Ktkm)7

for all ¢, > j. Hence

Ky _jn— 0,
as k — oo and for all 7 > 0.
We now use the following lemma (see Lemma 4.2, page 90, [19]): Let (X, d) be a metric
space and let {y;} be a sequence in X. Suppose that {t;} is a sequence of natural numbers.
If the subsequence {y;, —;} converges to a fixed element y for each j, then there exists {ny}
such that {y,,+;} converges to y.
This shows that there exists a strictly increasing sequence of natural numbers {ny}, such
that X

Ky tjn— 0,
for each j and for all n € &. Set

fk = gnkJ

that is

P
fk: E aank+mj,nja
Jj=1

for all £ > 1. Clearly

Je =0,
as k — oo. Moreover, by (4.2) we have
MZ™ fe = f,
as k — oo. Hence M satisfies the Hypercyclicity Criterion with respect to {n;}. This

proves (1).
For the second part, we proceed with D and f as in the proof of part (1) above. In this
case, however, by assumption, it follows that

K,,—0,

as n — oo and for all n € &. If we set
p
fn - Zaan+mj,77j7
j=1

for all n > 1, then, as in the proof of part (1), it follows that
fn—0 and M f, — f,
as n — o0o. This concludes the proof. 0
We now proceed to the chaos of M} on Hg(K). Recall that a double series
Z Ui,j,
i,§>0
in a Hilbert space H is said to be convergent if the sequence {u,} is convergent in H,

where
Up = E Us 5,

ij<n
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for all n > 0.

Theorem 4.2. Let € be a Hilbert space, & a dense subset of € and let He(K) be an
analytic reproducing kernel Hilbert space. If M, is bounded on He(K) and the double

series an+
1 nTm K
ZO nl m) <<82”3u‘)” (0 0)>””7>“3’

n,m>

s absolutely convergent for all n € &, then M} chaotic.

Proof. Here we apply Theorem 2.2, the Chaoticity Criterion, and proceed with the set D
as defined in the proof of Theorem 4.1. Assume that

P
f= ZO‘ijmj €D,
j=1

and choose

p
Uy, = E G Ky, ;-

j=1
From the proof of Theorem 4.1 it follows that for k > n,

p
*n § 2
Mz Up = aij—n+mj,77j = Uk—n-

j=1
Now using (4.1) we obtain that the series
> M Ko,
n>0
is unconditionally convergent in Hg(K) for each m € Z, and n € &, and so
> M,
n>0

is also unconditionally convergent in He(K) for all f € D. Now, we verify that the series
>, Uy is unconditionally convergent. It is, however, enough to check the above for

f = Km,n;

where m € Z, and n € &, that is, we need to very that the series
> Kot
n>0

is unconditionally convergent in He(K). Indeed, for ¢ > 0 and n € &, by hypothesis,
there exists N € N such that

oMK
) n!lm! <<6znawn 0, 0))77,77%9 <6

n,meF

for all finite sets F' C [IV,00) N N. Then Corollary 3.2 implies that

(Z K, Z Komn) <6,

nelr meF
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that is

< Ve

He(K)

> K

neF

Hence the series »_ K., is unconditionally convergent in Hg(K) (see the discussion
preceding Theorem 2.2). This completes the proof of the theorem. O

Of particular interest is the case where K is a scalar-valued kernel. Here the sufficient
condition for dynamics of M} involves the diagonal of the kernel function. We will address
this issue in Theorem 5.1.

The converse of Theorem 4.1 is not true in general (see the example in Subsection 5.3
and also Section 6).

5. EXAMPLES AND APPLICATIONS

In this section we give concrete examples and applications of our main results.

5.1. Weighted shifts. We begin by noting that the weighted shift space H*(f3), as in-
troduced in Section 2, is an analytic reproducing kernel Hilbert space. In this case, the
scalar-valued reproducing kernel function is given by

K(z,w) = Z@%z"@”,
n>0

for all z,w € D. Moreover

an+mK< 0= {(m)?@% if m=n

oznuwm™ 0 it m #n,
and m,n > 0. By Theorem 4.1, it follows that M} is hypercyclic on H?(f) if
liminf 8, = 0.

This condition is also necessary for hypercyclicity of M} on H?(f3) (see Salas [25]) but not
in general on He(K) (see the Subsection 5.3). A similar classification result also holds for
chaoticity and mixing for M} on H?(3) (cf. [19]).

5.2. Quasi-scalar reproducing kernel Hilbert spaces. We say that a kernel function
K :DxD — B(€) is a quasi-scalar kernel if there exists a scalar-valued analytic kernel
k:D x D — C such that

K(z,w) = k(z,w)lg,
for all z,w € . In this case, the general construction of reproducing kernel Hilbert spaces
yields that (for instance, see [21])

He(K) =2 H(k)®E,

where H (k) is the reproducing kernel Hilbert space corresponding to the kernel function
k on D. Quasi-scalar reproducing kernel Hilbert spaces play important roles in function
theory and operator theory, particularly in the study of dilation theory and analytic model
theory (cf. [21]).

As a simple example of the use of Theorems 4.1 and 4.2, we prove the following:
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Theorem 5.1. If Hi(E) is a quasi-scalar reproducing kernel Hilbert space and M, on
Hi (E) is bounded, then:
(1) M is hypercyclic if
1 0™k
liminf ——=———(0,0) = 0.
it s g (0

(2) M is topologically mizing if

, 1 0*k
li

T ganggn 00 = 0

(8) M is chaotic if the series

1 ok
Z I ml o na—n(0’0>’
— n:m:ozv"ow

18 absolutely convergent.

Proof. If k : D x D — C is an analytic kernel on D and
K(z,w) = k(z,w)lg,

for all z,w € D, then

K G w)nllae ey = [1EC w)llam lInlle,
for all n € £. Observe now that

(G (0,0)m0e = (50 0.0)) Il

for all w € D, n € £ and n > 0. The result now follows from Theorems 4.1 and 4.2. [

It is worth pointing out that the conclusion of the above theorem is independent of the
choice of the Hilbert space £. More specifically, if k is a scalar kernel and

o 1 0™k
hmnlnf WW(O, O) = O,

then M} on He(K) is hypercyclic where
K(Za U)) = k(z> w)[Sa

for all z,w € D and & is a Hilbert space. This observation also should be compared with
the linear dynamics of tensor products of operators (cf. [9] and [23]).

As a concrete application, consider the £-valued Dirichlet space Dg on D, where £ is
separable Hilbert space. Notice that the kernel function for D¢ is given by

(z,w) — (Z anz>jg

n>0

From the above theorem, it then follows that M} is mixing on Dg.
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5.3. A counter-example. Here we present a counterexample to show that the sufficient
condition in Theorem 5.1 for M} to be hypercyclic is not a necessary condition.
Consider the Hilbert space H%(3) C O(D), as in Section 2, corresponding to the (diagonal)
kernel

k(z,w) = Zﬁiz"w” (z,w € D),

n>0

where {f3,} is a sequence of strictly positive real numbers. Suppose that M, j, the multi-
plication operator by the coordinate function z, on H?(f3) is bounded. Let

for all z € D, and set
H={0f: feHB)}
Then H is a Hilbert space with the inner product

(0f,09)1 = (f, 9)u2(8),

for all f,g € H?*(B3). Moreover, H is an analytic reproducing kernel Hilbert space corre-
sponding to the kernel

]{79(2, w) = 0(Z> (Z Bn2znwn> Ma

n>0

for all z,w € . Here the reproducing property is given by

(Of ko(-,w))a = (0., 0(w)Ok(-,w))z = O(w){f, k(-,w)) rr2(5) = O(w) f(w),
for all f € D and w € D. Since
{5nzn}n20>

is an orthonormal basis in H?(3), it follows that

{5n92n}n207

forms an orthonormal basis in ‘H. Also observe that the multiplication operator M, on
H is a bounded operator. Moreover, it follows that M, on H and M, on H*(3) are
unitarily equivalent. Since the condition

liminf 5, = 0,
is necessary and sufficient for M, to be hypercyclic on H*() [25], under this assumption
we conclude that M7} is also hypercyclic on H. However, the sufficient condition for

hypercyclicity in Theorem 5.1 (and hence, that of Theorem 4.1) is not satisfied for M} on
H. Indeed, observe that

ko(z,w) = (L4 2+ 2%+ ) (5 + Bizw + B32°0% + - ) (L+ @ + @ + - -),
for all z,w € . Then a,,, the coefficient of 2"w"™ in the above expansion, is given by

for all n > 0, and so
liminf a,, # 0.
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On the other hand )
o = 1 0 kf (0,0)
(n!)2 0zrow™

for all n > 0. This shows that the sufficient condition for hypercyclicity in Theorem 4.1
is not necessary.

The construction above also allows us to work with non-zero polynomials instead of 6.
However, in this case, the sufficient condition in Theorem 5.1 for M to be hypercyclic is
also a necessary condition (see Section 6).

5.4. Sums of reproducing kernels. Here we consider scalar-valued analytic kernel
functions on . To avoid confusion, for an analytic reproducing kernel Hilbert space
H(k), we denote the multiplication operator M, on H(k) (provided it is bounded) by
M, k.

It is easy to see that if k; and ky are analytic kernels on D, then k; + ks is also an
analytic kernel on D. Moreover, it follows from Aronszajn [1] that

H(ky + ko) = H(kr) + H(ks),

and

1 k) = EL Al Gy + 1ol ey = f = o+ for f5 € H(K;), 5 = 1,2},
for all f € H(ki + k). Now assume that M, is bounded on H(k;), j = 1,2. It is then
evident from the above definition that M, g, i, is also bounded on H(k; + k2).

Theorem 5.2. Let H(ky) and H(ks) be analytic reproducing kernel Hilbert spaces over
D. If M.y, and M, y, are bounded, and M7, and M}, satisfy the condition for hyper-
cyclicity (respectively, mizing and chaoticity) in Theorem 5.1, then My, vk, U8 hypercyclic
(respectively, mixing and chaotic).

Proof. Note that

0" (k1 + ko) 0" ky 0" ks
Z A TR0 0) = .0 .0
o (-,0) 8wn(’>+8u‘ﬂ(’>’
and ( )
0" (k1 + ko 0"k,
—( ki + k d (. k;
Dan (+,0) € H(ky + k2) an 0@"<70)€H( ]),
for all j = 1,2 and n > 0. Hence
0" (ki + k ? "k ? 0"k 2
e TOU0) Y T e )
H(k1+k2) H(k1) H(k2)
The result now follows directly from Theorem 5.1. U

6. NECESSARY CONDITIONS AND CONCLUDING REMARKS

In the setting of analytic reproducing kernel Hilbert spaces many fundamental and basic
questions about dynamics remain unanswered. For instance, the converse of Theorem 4.1
is false in general (see the example in Subsection 5.3). Here we show that under certain
assumptions on the analytic kernel functions, the sufficient condition for hypercyclicity in
Theorem 4.1 is also necessary.
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The first construction is based on the setting of the counterexample in Subsection 5.3
but replacing the analytic function 6 by (operator-valued) analytic polynomials. Let &
be a Hilbert space and let P(z) be a B(£)-valued (analytic) polynomial. Suppose that

P(Z)IA0+A12+"'+AdZd,

for some A; € B(E), j =0,...,d. Now we consider a scalar-valued analytic (and diagonal)
kernel k& on D:

k(z,w) = Z B2,

n>0

where (3, are non-negative numbers, and let Hg (K) denote the reproducing kernel Hilbert
space corresponding to the kernel

K(Za w) = k(za ’w)]g,
for all z,w € D. Let
Kp(z,w) = P(2)K(z,w)P(w)", (6.1)
for all z,w € D. Then Kp is a B(E)-valued kernel on D. Set

Hp ={Pf:fecH(K)},

where

(Pf)(2) = P(2)f(2),
for all f € He(K) and z € D. Clearly Hp is a vector space of E-valued analytic functions
on . Now suppose that Ay is injective. If f = Z ez € He(K) and

n>0
P(2)f() =0, 62)

for all z € D, then

P(0)f(0) = Agmo = 0,
implies that 79 = 0. Now differentiating (6.2), one gets

P'(2)f(z) + P(2)f'(z) = 0,
and hence
0= P'(0)£(0) + P(0)f'(0) = Aom:-

We have 1; = 0. Continuing in this way we obtain that f = 0. It now follows that H is
a Hilbert space with inner product defined by

<Pf7 Pg>Hp = <f7 g)Hg(K)?

for all f and g in He(K). Also it follows that Hp is a reproducing kernel Hilbert space
corresponding to the kernel Kp and if M, g (the multiplication operator on Hg(K) by
the coordinate function z) is bounded, then M, x on Hs(K) and M, on Hp are unitarily
equivalent. Moreover, since M, g on Hg(K) and M, ® I on H(k) ® € are unitarily
equivalent, by a result of Martinez-Giménez and Peris (Proposition 1.14 in [23]) and
Salas [25], it follows that M} is hypercyclic on Hp if and only if

liminf 8, = 0.
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Now equating the coefficients of z"w", say C,,,, in the expansion of Kp(z,w) in (6.1), we
have (as in Subsection 5.3)

Cn = Ao A + ALATBE L+ -+ AdAGBs g,
for all n > d. Since M, j is bounded, it follows that

sup
ko Bre

and hence, there exists M > 0 such that
||Onn||3 <M 52

< 00,

for all n > d. Thus, if M} is hypercyclic on Hp, then, by the above observation, we see
that

lim inf ||Onn||3(g) = 0.

Hence, by
1 0™Kp

Crn = (n))2 0znduwn (0.0),

for all n > 0, it follows that

nK
hmmf ( 2<<6z”8 Pn 0 0)>n,n>g> =0,

uniformly in n € &), where & = £. This proves the converse of the hypercyclicity part in
Theorem 4.1. We have therefore shown the following result:

Theorem 6.1. Let £ be a Hilbert space, k on D be a scalar-valued kernel and

k(z,w) = Zﬁzz"w"

n>0

where [, are non-negative numbers, and let He(K) denote the reproducing kernel Hilbert
space corresponding to the kernel

K(z,w) = k(z,w)lg,
for all z,w € D. Suppose that {A;}1_y C B(E), Ag is injective,
P(z) = Ag+ Az + -+ + Ag2?,
and let Hp denote the reproducing kernel Hilbert space corresponding to the kernel function
Kp(z,w) = P(2)K(z,w)P(w)" (z,w € D).

If M, is bounded on Hp, then the following are equivalent:
(i) M is hypercyclic.

(1) hnzinf( : 2<<
(#i) liminf 5, = 0.

0" Kp
0z"0w "

(0 0))7},77>g> = 0 uniformly onn € .
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The same method of proof also applies to scalar-valued reproducing kernel Hilbert space
‘Hp corresponding to the kernel function

kP(va) = P(z)k(z,w)P(w) <Z>w € D)>
where
P(2) = ag+ayz + - -+ + aqg??,

be a non-zero (instead of ag # 0) scalar polynomial and k is defined as in Theorem 6.1
(observe that kp(z,w) is not a diagonal kernel in general). Here Hp = {Pf : f € H(k)}
and the inner product is given by (Pf, Pg)y, = (f, 9)uw) for all f,g € H(k).

Theorem 6.2. If M, is bounded on Hp, then the following are equivalent:
(i) M is hypercyclic.

Wﬂ@ﬁ%iﬁ%y% @@):0

2Znown
(#17) liminf 3, = 0.
The converse of Theorem 4.1 is also evidently true if the derivatives
"k
(Zho),..
o™ meZ,

of a scalar-valued kernel k are orthogonal vectors in H (k). Indeed, if

k(z,w) = Z A 20",

m,n>0
for apy, in C, then
1 gmtn
mn — T A~ O’ 0
- m!n! <8U_}n (’7 0), %Tm(’ 0)>
- H(K)
{ 0 if m # n
= 2n .
P 5o (0,0) i m =,

and so
n, - n
k(z,w) = E App 2" 0"
n>0

for all z,w € D. Then M} is a backward weighted shift operator on H (k). If we now
assume that M7 is hypercyclic, then by Salas [25], it follows that

2n
lim inf a,,,, = lim inf Ok

n (n!)20zndwn (0,0)

=0.

Again, similar results hold for topological mixing and chaos of M.
It would be therefore very interesting to determine the class of vector valued analytic
kernel functions for which the converse of Theorem 4.1 holds.
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